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The impact of problem formulation modifications on predictive controller tuning is investigated. First, the proposed tun-
ing method is shown to adapt to disturbance characteristic changes and thus, takes full economic advantage of the sce-
nario. The second topic concerns point-wise-in-time constraints and the impact of constraint infeasibility. Specifically,
we shift the tuning question from selection of nonintuitive weighting matrix parameters to that of a few key parameters
and results in a rather intuitive trade-off between expected profit and expected constraint violations. Finally, we show
that simple modifications will allow for the consideration of various feedback structures, including computational delay
and partial state information. The overall conclusions of the work are that the results of the automated algorithm will
help build an intuitive understating of the dynamics of the process and ultimately result in a higher level trade-off
between profit and constraint observance. © 2014 American Institute of Chemical Engineers AIChE J, 60: 3473-3489,

2014
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Introduction

The economic impact of a control system has long been
of interest to the process systems engineering community.
From the perspective of process design and optimization, the
goal is to design equipment and select operating conditions
that will minimize a combination of capital and operating
costs. To address uncertainty issues, methods have been
developed to mimic the actions of a control system. The
most popular approach is that of flexibility analysis, which
can be further divided into deterministic methods'™ and sto-
chastic methods.'®'* Another method that is growing in
popularity is that of chance constrained optimization.'>~' If
one assumes a given set of equipment and equipment size
specifications, then the questions focuses on the economic
impacts of control structure and operating point selection.
The subject of control structure selection can be further
divided into plant-wide control”’ and the selection of
measurements and manipulations.”®**'  Operating  point
selection methods can also be divided into subcategories.
Methods employing a constant-in-time uncertainty perspec-
tive**™® are akin to deterministic flexibility analysis. Those
with a time-dependent uncertainty perspective® > are
related to the stochastic flexibility and chance constrained
approaches. It is interesting to note that some of the above
methods fall into both categories, in the sense that control
structure is the objective, but operating point selection is
motivated by process economics,>>3430:41
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The scope of the current effort assumes all equipment has
been specified (including measurement and manipulation
equipment) and a two-stage control system structure will be
used. More specifically, a multi-input multioutput model pre-
dictive controller (MPC) is assumed to receive set-point
commands from a real-time optimizer (RTO). However, in
contrast to many industrial implementations (but aligned
with the operating point selection literature cited earlier), the
RTO will be equipped with a back-off operating point
(BOP) selection procedure. The interaction of the three deci-
sion units is illustrated in Figure 1. Using the constant-in-
time uncertainties (determined by a parameter estimator), a
steady-state version of the process model and a set of operat-
ing constraints, the RTO will determine an optimal steady-
state operating point (OSSOP). Then, the BOP selection pro-
cedure will consider the time-dependent aspects of the uncer-
tainties to determine the regulatory performance expected
from the MPC. This regulatory performance can be visual-
ized (see Figure 2) as an elliptical operating region around
the selected BOP and is denoted as the expected dynamic
operating region (EDOR). Then, the procedure selects a
BOP such that the economics of the process are optimized
while ensuring that all points of the EDOR satisfy the oper-
ating constraints. This BOP is then sent to the MPC, which
it uses as the operating target. The motivation for a BOP
selection procedure is to provide the MPC with a set-point
that is close to the OSSOP, but a sufficient distance from the
inequality constraints.

A distinctive feature of the BOP selection procedure of
Ref. 51 is that the regulatory performance of the controller
is variable. This ability to change the tuning parameters of
the controller provides greater freedom in the selection of a
BOP and thus will result in lower operating costs (see
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Figure 1. Three-stage control structure.

Figure 3). The purpose of this article is to explore the effects
of numerous design issues that arise in MPC design and in
particular, the adaptive nature of the MPC tuning methods
presented in Ref. 51. As a point of comparison, the results
of the proposed method will be contrasted with those of the
fixed controller BOP selection procedures.37

In the remainder of this section, the method of Ref. 51
will be reviewed and the illustrative example of a two-Con-
tinuously Stirred Tank Reactor (two-CSTR) process will be
introduced. In the Statistically Constrained Control Section,
the simple extensions of disturbance modeling and the
discrete-time formulation will be discussed. Using the two-
CSTR example, we will also illustrate how method of Ref.
51 is able to adapt the controller to the expected disturbance
characteristics. In the Predictive Control with Full State
Information Section, the method of inverse optimality will
be used to construct a predictive controller with an EDOR
similar to that specified by the free controller BOP selection
problem of Ref. 51. This section will also illustrate the use
of a soft constrained MPC formulation (to address infeasible
initial conditions) and discuss how a redefinition of the
EDOR will create a trade-off between expected profit and
the occurrence of infeasibilities. The section will conclude
with a short illustration of the impact of mismatch in the dis-
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Figure 2. Visualization of the EDOR.
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Figure 3. Simultaneous BOP selection and controller
design.

turbance model. The Modifications to the Measurement
Structure Section will illustrate how to modify the controller
formulation to accommodate changes in the measurement
structure. The article concludes with a short discussion on
the impact of process nonlinearities and an ad hoc approach
to correct for these discrepancies.

Review of simultaneous BOP selection and controller
design

Consider a nonlinear process model: $=f(s,m,p),
g=h(s,m,p), and g™ < g < ¢™* where s, m, p, and ¢ are
the state, manipulated, disturbance, and performance varia-
bles (each a column vector of dimension ny, n,, n,, and n,,
respectively). The RTO will use a steady-state version of
this model to determine the OSSOP, based on an operating
cost function g(q), operating constraints ¢ < g < g™ and
an assumed constant-in-time value for the disturbance,
p =p°*P. Clearly, if an element of s or m appears explicitly in
the economics of the process or is constrained, then these vari-
ables can be included in the set of performance variables ¢

min {g(¢)} st
s,m

0=f(s,m, p™*")

q=h(s,m,p™*®)

ey

qmin S q S qmax

The solution to this nonlinear optimization is the OSSOP
and is denoted by the triple (sOSSOP | jpOSSOP, qOSSOP). The
next step is to determine the appropriate amount of back-off.
The BOP will be denoted as (SBOP, mBOr, qBOP), which leads
to the following deviation variables with respect to the
OSSOP: Sl:SBOP _SOSSOP , m/:mBOP _mOSSOP , ql:qBOP _
¢°SSOF and p'=pBOP —pOSSOP  Using these definitions, the
profit function can be approximated with the following
linearization

g (qBOP ) ~g (qOSSOP ) +g31"q/ (2)

where g, is the partial derivative of g(g) evaluated at the
OSSOP and the term g;q’ approximates profit lost. The set
of available BOPs, which must be steady-state operating
points, can be approximated by

0=As"+Bn!’ 3)

¢'=D.s'+D,m’ 4)

October 2014 Vol. 60, No. 10 AIChE Journal



where A, B, G, D,, D,, are the system matrices of the pro-
cess linearized around the OSSOP and p’=0 if we assume
pBOP = possoP , which need not be the case (see Ref. 56 for
an example). The distance between the BOP and the con-
straints is given by ¢®°F — ¢™" on one side and g™ — ¢®°F
on the other. However, if one defines q/mm =g™min —g
and ¢ =g —gOSSOP  then the distance between the
BOP and the constraints is also given by ¢—¢™" and
q/mdx —¢'. As a feasible BOP will have both of these quanti-
ties positive, the inequality constraints in deviation variables

with respect to the OSSOP are

OSSOP

9 <4 <gq (5)

Turning to the dynamic perspective, the BOP will serve as
the target point for the controller and all of its actions will
be to drive the system toward the BOP. Thus, the variables
seen by the controller should be deviation variables with

respect to the BOP, defined as x =5 — sBOP, u=m-— mBOP,

w=p—p®%, and z = ¢ — ¢®°", which results in the follow-
ing linearized dynamic model

x=Ax+Bu+Gw (6)

z=Dx+D,u+D,w (@]

Note that the system matrices of (6) and (7) are the same
as those used in (3) and (4). This suggests the system is line-
arized around the OSSOP and not the BOP, which will result
in a less accurate EDOR predicted by the linear model. This
can easily be remedied by linearizing around the BOP, how-
ever, difficulty arises because the BOP is only known after
the EDOR is determined. For the moment, we will accept
this discrepancy and return to this issue in The Impact of
Nonlinearities Section. Now, assume the controller is known
to be u = Lx, where L is given. Furthermore, assume w is a
zero-mean white noise process with a spectral density S,,.
Then, the EDOR is defined by the following relations

2 (A+BL)" +(A+BL)%,+GS,G'=0 )
Y.=(D,+D,L)%(D+D,L)" +D,S,D," )
G=pZp], j=1...n (10)
o,=1/0 j=1...n (1)

where p; is the jth row of an n, X n, identity matrix. The
size of the EDOR in the jth direction is defined as og;,
where o is a scaling factor indicating how many standard
deviations will be used to define the EDOR (x =1 unless
specified otherwise). Next, we will need to exclude any BOP
such that the associated EDOR is not contained in the region
defined by ¢™" and ¢™**. As such a BOP is feasible if

/min /max
w0 < qi—q; and ag;<q; —q; (12)

Finally, the BOP is found as the solution to the following
linear program

ming o {g;q’} s.t.
(3),(4),(5), and (12)

(13)

It is important to note that as far as the linear program is con-
cerned, the g;s are constants that are calculated only once using
Eqs. 8—11. This fixed controller approach to BOP selection is
closely related to the procedure of Loeblein and Perkins.?’
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It is noted that the linearization steps of Eqs. 2—4 are not
required, but serve to reduce the computational complexity of
problem (13). Specifically, the original nonlinear objective
and nonlinear process model, both with respect to the steady-
state process variables, may be retained. In this case, problem
(13) will be, in general, a nonlinear program and require a
solution method similar to that used for problem (1). Further
investigation of this class of problems will be the subject of
future work. It is further highlighted that the linearization step
of Egs. 6 and 7 is required for the procedure. Without such a
linearization a Fokker—Planck type formulation will be
required to calculate the variances used to define the EDOR.
Although this may be computationally tractable for the above
fixed controller case, a nonlinear approach will be intractable
in the free controller case described next.

The free controller BOP selection problem is simply an
augmentation of problem (13) with Eqs. 8-11. The result is
the ability to change the shape of the EDOR (through modi-
fication of the controller) while simultaneously moving the
BOP. The modifications result in the following nonlinear

program”’

min {ggq’} s.t.

s'm'\q' (01,5 L
(3),(4). (5). (8).(9), (10), (1), and (12)

Through application of Theorem 3.1 of Ref. 57, the non-
linear equality constraints of (8)—(10) can be replaced by
convex linear matrix inequality constraints with no change to
the BOP feasible region. The resulting free controller BOP
selection problem is as follows

: T 1
.t 15
x",mﬂq’r:frl/l,g#X>0,Y {gqq } s ( )

(14)

0=As’+Bm', q’=DXs’+Dum', q/min SC]I Sq/max (16)

00; < g™ ~q;, a0y < q;—¢/™, j=1...n,  (I7)
(=0, j=1...n, (18)
(AX+BY)+(AX+BY)" +GS,G" <0 (19)

4 p;(D.X+D,Y) i
DX+DY o . >0, j=1...n, (20)

To address the reverse-convex constraints of (18), Ref. 51
proposes a global solution procedure based on the branch
and bound algorithm.

Two-CSTR case study

The reactor process of Figure 4, adapted from Ref. 36,
will be used to illustrate the features of the free controller
BOP selection method. The process consists of two, jacket-
cooled CSTRs in series with an intermediate feed. In both
reactors, two irreversible, exothermic, first-order reactions
take place, A — B — C, where species C is undesired. The
goal of the process is to maximize profit by manipulating
volumetric flow rates in the face of uncertainties associated
with feed temperature, feed concentration, cooling water
temperatures, and reaction kinetics. The process is described
by the following material and energy balances

dCp1 _ Qs (Car—Can)
dt Vv

ra(T1,Cay) 21
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Figure 4. Process diagram for the two-CSTR process.

dac C
dlj’l =— QIVB’I +r4(T1,Cay)—r5(T1,Cp1)  (22)
T Te—T
dd—tl ZM_HMA (T1,Ca,1) —Hprs(T1,Cp1) —qen )V

(23)

d + -
Cap _ Q1Ca 11 2Car—Q1Cap (T, CAQ) 24)

dt Vv
dac Cp1—0rC
df’zle B’IVQT B2 +ra(T2,Ca2) —r5(T2,Cpa)  (25)
dly _ O/Ti+OTr—0rTh
£z ~Hars (T2, C
dr % A’A( 25 A42) (26)

—Hgrg(T2,Cp2) ~qe2/V

where 14 (T,Ca)=Cak; exp (—%), rg(T, Cp)=Cgky exp
(— %) 4ej=Ua(Tj~T.}), and Qr=Q, + Q. (See Table 1
for parameter values.)

Instantaneous profit is calculated as the rate of product B
leaving the system minus the cost of feed material and util-
ities (reactor cooling)

§=10Cp207r=0.107=0.01gc1 ¢ 27

The difference in utility cost coefficients for ¢g.; and ¢,
stems from the fact that the cooling fluid in tank two is
chilled below ambient temperature (nominally 7., =310 K
and T,., =288 K). The operating constraints are as follows:
T, <350 K, T, <350 K, g.; <30 m°K/s, g.,<17.5 m’K/s,
0;<08 m¥s, 0,>01 m’s, 0,>0.1 m’s, and
0<Cs2<03 kmol/m>. The above model can be put into
the form of problem (1) by the following definitions

s=[Car Cpi Ti Can Cpr T
m=[0; 0,
p=[Tr Car Ter Ten kul"

q=[Ty Cap Cpa T Or Q1 Q2 4qei q(-,z}T

Statistically Constrained Control

In this section, the specifics of BOP selection and control-
ler design using the methods of Ref. 51 are illustrated. In
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particular, the method is compared to the fixed controller
case, the impact of disturbance modeling is illustrated and
the discrete-time framework is discussed.

Fixed vs. free controller back-off

The first step in calculating the optimal back-off for both
the fixed and free controller methods is to find the OSSOP
by solving problem (1). For this study, it is assumed that the
parameter estimator has identified the following nominal val-
ues for the disturbance vector pOSSOP =[300 20 310 288
160]”, where the units of p are [K kmol/m®> K K s~ ']. The
resulting OSSOP is given by m®55°F =10.283 0.232]" m%/s
and gives a profit of $83.65/h with active constraints at T
and q..

Linearization of (21)—(26) around the OSSOP will result
in the following system matrices where the submatrices are
given in Appendix

TR B, G
A= . B= . G= 28)
| A2l Ax B, G,
Dxﬁl 0 0
Dx: 0 ) Du: Du,Z ) Dw: 0 (29)
_DX_’3 0 Dw.3

The disturbance, w, is assumed to be zero-mean white
noise with spectral density, S, equal to diag{49 2 36 36 4}.
Assume the controller used in the fixed controller case is
L= —R 'B"P where P is the positive definite solution to the
Riccati equation 0=ATP+PA+Q—PBR 'B'P, Q=1 and
R = 1. Then, the standard deviation of the performance out-
puts is calculated using (8)—(11) and finally problem (13) is

Table 1. Parameter Values

Parameter Value

k 27 x 108 s7!
ki 160 57!

E4 R 6000 K
ExulR 4500 K

H, -5 m® K/kmol
Hp -5 m> K/kmol
U, 0.35 m’/s

\% 5m?
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Figure 5. Comparison of BOPs and EDORs for the fixed controller (dotted) and free controller (solid).

solved. In the free controller case, problem (15) is solved. If
the solution to (15) is X, Y, then a feasible linear feedback
isL=Y" X"

A comparison of the two cases is given in Figure 5. The
eight-dimensional ellipse, the EDOR, is simply the solution to
(q—qBOP)Z;I(q—qBOP)T=a2, where Z. is from (8) to (9)
using the respective controller. The five-point star gives the
OSSOP and the * point is the BOP. Notice that the EDOR is
far from the constraints in the Cy4 5, Cp, T>, and g, ; directions
(the bottom two plots). In the fixed controller case, rather tight
regulation is achieved in both the T, and T, directions, whereas
fairly loose regulation occurs in the ¢.; and ¢, directions.
This is to be expected as g.; and g.» are not state variables
and thus are not explicitly included in the linear quadratic reg-
ulator (LQR) objective used to calculate the fixed controller.
In the case of g, (the expensive utility), the required back-off
(to approximately 15.5 m’K/s) is achieved by reducing the
steady-state value of T,, which results from reducing Q, to
about 0.15 m*/s. The free controller optimization indicates that
the fixed controller is doing about the best one could expect
under the given situation, although this conclusion would be
difficult to determine without the free controller analysis. The
only difference between the two is that the free controller
method selects a controller with slightly tighter regulation in
the T direction in an effort to get the BOP closer to the
OSSOP in that direction. The result is a very slight reduction
in profit loss with respect to the OSSOP, $15.63/h for the fixed
controller case and $15.61/h for the free controller. Recalling
that profit at the OSSOP is $83.65/h, the profits are $68.02/h
and $68.04/h for the fixed and free cases, respectively.
Although these two controllers show similar performance, the
next subsection will show that the fixed controller does not
adapt as well to changes in the disturbance characteristics.
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Impact of disturbance modeling

A technical issue associated with the example of the pre-
vious subsection concerns the selection of the spectral den-
sity S,,.. The concern stems from the fact that white noise
contains all frequencies and has infinite variance. However,
the disturbances acting on a process are unlikely to have
such characteristics. To alleviate this issue, first-order shap-
ing filters are used for each of the disturbances acting on the
two-CSTR process. These will be of the form tpxXp=w—xy,
where x; is the filter output, w is white noise, and 1 is the
correlation time of the disturbance. Applying Eq. 8 to this
process results in the following calculation of steady-state
variance for x; X;=§,/27. Thus, if one would like a dis-
turbance x; to have a variance X, then the spectral density
should be selected as S,, = 27Z. The impact of this relation
is that one can use process measurements to identify the cor-
relation time and variance of the disturbance and thus arrive
at a meaningful value for S,,.

To incorporate into the two-CSTR model, define the fol-
lowing: Gy=diag{1/tp,...,1/ts5} and Ay= —Gy Then, the
system matrices should be constructed as

A 0 Gy B 0
A=Ay An G|, B=|By|, G=| 0
0 0 A L0 Gy
D.,; 0 [0
D,=| 0 0 |, Du=|Du2|, Du,=0
D,3 Dyj3 L O
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Figure 6. Impact of disturbance correlation time (z;) on fixed controller BOPs and EDORs (solid :=0.1 s, dashed
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It is important to note that in the example of the previous
subsection, the above approach was used in place of true
white noise disturbances. Specifically, S,, was set equal to
2t where Xy= diag[49 2 36 36 4] and 1,=0.01 s (1= 1,
i=1...5). Due to the very small correlation time, the result-
ing disturbances were good approximations of white noise,
but had finite variances equal to those specified by X

Figure 6 illustrates how changes to 7, will impact the
selected BOP in the fixed controller case. It is important to
note that due to our definition of spectral density, S,, = 212
the variances of the disturbances acting on the process
remain constant regardless of the 7y value used. As 1
increases, the disturbances will change more slowly with
respect to time, which should allow the controller to achieve
better performance. However, in the fixed controller case,
performance degrades and then eventually improves as
visualized by the movement of the BOP in the T direction.
Quantitatively, the fixed controller profit loss is $15.94/h for
7,=0.1, $17.64/h for 7,= 1, and $15.93/h for 7,= 10 (Table 2).
Although this sort of behavior seems unnatural, there is a
logic to the fixed controller solutions. First, recall that the
EDOR for each value of 7;is constant and that the fixed con-
troller optimization can change only the BOP. Second, note
that the ¢, direction dominates the economics of the pro-
cess. Thus, given the ¢., standard deviation, the optimal
BOP in the g, direction is about 15.5 m>/s. This is made
possible by reducing the BOP in the 7, direction to about
332 K, which is achieved by reducing the O, BOP. However,
this reduction is limited by the O, EDOR and the constraint
0,>0.1 (see top right plot). Thus, the core issue is how
much the O, BOP can change when the O, EDOR changes
due to changes in 1. Clearly, the Q> EDOR is largest when
7= 1. The impact is that the BOP in the O, direction is a bit
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larger, which should cause the BOP in the 7, direction to
increase. It does not increase because the ¢., constraint
would become violated, so it opts to decrease T, by decreas-
ing the BOP in the Q; direction.

In the free controller case of Figure 7, this connection
between Q; and ¢, is exploited, especially as t; increases.
Consider the 1= 10 case. If the instantaneous value of the
disturbance 7., decreases, then the controller will try to
decrease T, to satisfy the g., constraint, by decreasing T
(through manipulation of Q) as well as through the more
direct route of manipulating Q,. These additional manipula-
tions are observed by the substantially increased EDOR in
the O, and Q, directions. The end result is that the EDOR in
the g., direction is reduced and thus allows the g., BOP to
be closer to the OSSOP. The fact that the 7, BOP must be
further from the OSSOP is immaterial as the T; direction has
much less influence on the economics of the process. It is
also interesting to note that profit loss for the free controller
case is monotonic with respect to T4 $15.61/h for 7,=0.1,
$14.28/h for 7,= 1, and $7.29/h for 7,= 10.

Discrete-time formulation

To arrive at a discrete-time formulation, the first step is to
convert the dynamic model to discrete-time form. One

Table 2. Profit Loss vs. Disturbance Characteristics

Disturbance Fixed Controller Free Controller
Characteristics Profit Loss ($/h) Profit Loss ($/h)
White Noise 15.63 15.61
7=0.1s 15.94 15.61
t=1s 17.04 14.28
7=10s 15.93 7.42

October 2014 Vol. 60, No. 10 AIChE Journal
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approach is to use the method of sample and hold®® to
arrive at

Xi+1=AdX[+BdM[+GdW,' (30)

where x; = x(iAt), u(t) = u;, iAt<t<(+ 1)At, w(t) is simi-
larly defined, w; is a white noise sequence with variance X,
and Ar is the sample time. The system matrices are calcu-

lated as Ag=ed B, = ( [ eATd‘E)B7Gd= ( o eAfdf) G, and

X, =S,/At. The second step is to replace the steady-state
model constraint, 0=As'+Bm'+Gp’, with its discrete-time
equivalent: s'=A;s'+Bym’ +G4p'. The third step is to convert
the covariance analysis to discrete-time. Specifically, Eq. 8
is replaced with X,=(Ay+B4L)E, (Ag+BiL) +G,2,G.".
Then, application of Theorem 6.1 of Ref. 57 results in the
following discrete-time version of the free controller BOP
selection problem

smqlgnjboy {g; q’} st (€29
§S'=Ags' +Byn!, ¢ =D +D,m', ¢™ <q <™ (32)
oo < q/™ —q; 00, < q;=¢/™, j=1...n,  (33)
(=a2j=1...n, 34)

X—G42,G} A X+ByY
>0 (35)

(AaX+B.Y)" X
§ p;(DX+D,Y) |

(DXX+Duy)ijT ¥ >0, j=1...n, (36)

Figure 8 illustrates that for small sample-times the BOP
and EDOR resulting from the discrete-time formulation are
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nearly identical to those of the continuous-time formulation,
although, for larger sample-times the impact is significant.
For At=0.1 s, and Az =0.5 s, the profit lost is $7.42/h and
$7.86/h, respectively, which compares well with the continu-
ous time case of $7.29/h. In the case of Ar=0.1 s, the
discrete-time linear feedback generated by problem (31) is

—0.0382 ~156.7
L= x107?

0420  0.0034 —43.70
-16.92 —54.32
Li=

—2.098

L=y (x)7'=[Ly L]

—0.491 -783.6 —988.4 —0.124

7.73
—0.166

—20.13
148.05

—0.0893

—0.0741
Xx1073

—9.057 1.300 0.4201 —0.00632

(37)

The bottom plots of Figure 8 depict the result of a
discrete-time simulation, using the linear model and the con-
troller of (37). This scatter plot indicates very good agree-
ment with the analytically determined EDOR (the solid line
ellipse). Using the linearize version of the objective function
and 15,000 data points, the numerically calculated profit loss
is $7.09/h, which seems to deviate from the $7.42/h calcu-
lated analytically. However, if the simulation is increased to
80,000 data points, then the profit loss is calculated as $7.46/
h. The plot also illustrates a number of occasions in which
the inequality constraints are violated. The next section will
provide a method to remedy this problem.

Predictive Control with Full State Information

Conversion from statistically constrained control to the
enforcement of point-wise-in-time constraints will require
the use of Model Predictive Control (MPC). However,
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Figure 8. lllustration of discrete-time BOPs and EDORs for the free controller case.
Top plots: dotted, At =0.1; dashed, Az = 0.5; solid, continuous-time. Bottom plots, discrete-time simulation with Az =0.1.

special care must be used in constructing this controller, so
as to arrive at an MPC generated EDOR that is similar to
the one specified by the free controller BOP selection
problem.

The notion of MPC is grounded in the concept of a pre-
dictive model

X1 =A g H By, k=i it N—1, (38)
i =Dxg+ Dyt k=i i+N—1 (39)
M <z < 2™ k=it N1 (40)

Xili =Xi 41)

where the time index k indicates predictive time and i is
actual time (z™P =¢BOP —gMin and zMax =gmax —BOPY - The
idea being that at time i, the state of the actual system,
Xi+1=Aw; + Bau; + Gyw;, is known to be x;. Then, one
would like to find a sequence of manipulations
uy;, k=i...i+N—1, such that the constraints (40) are satis-
fied. Once this sequence is determined, only the first manipu-
lation, Uiis is sent to the process: Ui =uj;. Then, at time i + 1,
a new value for the initial condition, x;;, is obtained from
the measurements and the process is repeated. However, as
there are likely multiple sequences of uy; satisfying the con-
straints, the sequence selection step is usually formulated as

a quadratic program
i+N-1
lim (D)thl/l i +X,T [«PX,‘ i
Kty ;_: A (42)
s.t.  (38)(39)(40)(41)

where
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Xp)i "To M Xpi
D (x5, ug)i) = " u R || (43)

and P is the positive definite solution to

P=ATPA,;+Q—(M+ATPB,)(R+BPB,) " (M+A!PB,)"
(44)

Let us now consider the unconstrained version of problem
(42), by removing constraints (40). In this case of uncon-
strained MPC, the feedback policy will be equal to the linear
feedback generated by the LQR problem, u; = Ly grx;, Where

Ligr =—(R+BYPB,) "' (M+ALPB,)" (45)

Thus, to generate an unconstrained MPC policy with an
EDOR identical to that specified by the free controller BOP
selection problem, one need to only select MPC objective
function weights, O, R, and M, such that the LQR feedback,
Ligr, is equal to the feedback generated by problem (31),
L*=Y*(X*)"'". In Ref. 51, it was shown that problem (31)
will always generate a feedback, L", where such weights will
exist. Then, synthesis of such weights can be achieved
through the following theorem®’

Theorem 3.1. If there exists P >0 and R >0 such that

P—AJ PA+LT(R+B,"PB,)L  LT(R+B,PB,)+A. PBy
>0
(LT (R+B,"PB,)+A, PBy)" R

Then  Q=P—A, PA4+LT(R+B,"PB,)L  and M=LT
(R+B,TPB,)+A,TPB, will be such that P and L satisfy (44)
and (45) and
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Table 3. Case Study Profit Losses

Free Controller
Profit Loss ($/h)

Fixed Controller
Profit Loss ($/h)

Analytical 15.93 7.42
Unconstrained 17.08 7.09
Constrained 15.99 7.13
0O M
>0
M" R

Using the procedure of Theorem 3.1, objective function
weights corresponding to the feedback of (37) were deter-
mined. Now that the linear feedback L~ has been exactly
converted to the form of an unconstrained predictive control-
ler it is a simple matter to reintroduce the point-wise-in-time
constraints (40). The important point being that due to the
selection of a BOP that is an appropriate distance from the
constraints, the addition of point-wise-in-time constraints is
expected to modify the EDOR only slightly.

Before demonstrating this similarity, the issue of infeasi-
bility must be addressed. That is, there may exist initial con-
ditions, Xilis such that the constraints z™" < i < Zmax
cannot be satisfied for all k=i,...,,+N—1. A popular
approach to alleviate this issue is to implement a soft con-
strained version of MPC.> The method is to introduce a
vector of slack variables 0, > 0 and replace (40) with

2 =0, < zy; < 2" 40, (46)
Then, the MPC objective function is augmented with cSTGs,

where ¢, is a vector of positive constants. The impact of this
soft constrained MPC formulation is that if ¢, is sufficiently

12

10 ‘ ’
342 344 346 348 350
T,(K)

Figure 9. Constraint enforcement using MPC.

large, then 0, will be very close to zero, except for cases in
which the original MPC would be infeasible. In those cases,
the constraints of (40) are relaxed, by (46), to determine a
“reasonable” response to the infeasible initial condition. By
appropriate selection of the terms within ¢, one can set pri-
orities with regard to constraint relaxation. Roughly speak-
ing, if the first element of ¢, is 1-2 orders of magnitude
smaller than the others, then the optimization will try to
relax the first constraint before looking to the others.

Figure 9 demonstrates the performance of the soft con-
strained MPC algorithm. The top plots show the fixed con-
troller using the tuning parameters, Q and R of Statistically
Constrained Control Section, whereas the bottom plots show
the free controller with tuning parameters determined from
Theorem 3.1, both with a sample-time of 0.1 sec and
7= 10 s. The impact of enforcing point-wise-in-time con-
straints is clearly observed in the manipulated variables, O,
and Q,, as well as in 7. In the ¢., direction, a number of
constraint violations are observed. These violations are made
possible by the soft constraint formulation and would result
in an infeasible scenario if constraint softening was not
available. A typical violation scenario begins with a low
value at the disturbance T,.,, which causes g., to increase.
The controller responds by trying to reduce T,, either
directly by reducing Q, or indirectly by reducing Q;, which
will reduce T;. This indirect route is clearly observed in the
plots of Figure 9. However, as we did not soften the con-
straints on the manipulated variables, Q; and Q,, the control-
ler found it impossible to observe the ¢., constraint.
Clearly, the constrained version of the free controller oper-
ates more within its analytically determined EDOR. This is
due to the fact that the tuning parameters of the free control-
ler were selected in the context of the constraints, and therefore,

0.5 0.6

The top plots show the constrained fixed controller MPC, whereas the bottom shows the constrained free-controller MPC.
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Table 4. Impact of EDOR Definition

% Violations

o Constrained Unconstrained of q.»

x=0.5 3.48 2.76 35.3%

a=2 22.28 22.39 2.5%

o=1and o 14.34 14.70 6.5%
of qe2 = 2

when the constraints are active the controller is less erratic. This
is also supported by the quantitative analysis: in the free control-
ler case, the constrained profit loss is $7.13/h and the uncon-
strained is $7.09/h (both using 15,000 data points). In the fixed
controller case, the loss is $15.99/h and $17.08/h for the con-
strained and unconstrained, respectively (Table 3).

Impact of EDOR definition

On first glance, it may appear that greater profit will result
from a redefinition of the analytically calculated EDOR, dic-
tated by the value of o in Eq. 33. For example, if « is set to

20

342 344 346 348 350

1
|
s i L 1
342 344 346 348 350
T,(K)

1/2, rather than 1, then the BOP will be selected closer to
the OSSOP and the profit loss will be smaller ($2.76/h for
the unconstrained case and $3.48/h for the constrained, see
Table 4). However, the top plots of Figure 10 illustrate that
such an approach will also result in an increase in constraint
violations. Specifically, in the ¢., direction constraint viola-
tions increase from 20.1% to 35.3%. Similarly, one could
select oo =2, which would result in fewer constraint viola-
tions, but greater profit loss. The middle plots of Figure 10
illustrate constrained performance with o =2. This case
results in g., violations of only 2.5%, but a profit loss of
$22.39/h (unconstrained) and $22.28/h (constrained). It is
interesting to note that setting o =2 for the fixed controller
case resulted in an infeasible BOP selection problem. In fact,
we could not find a set of diagonal Q and R matrices such
that a feasible BOP could be found with «=2. A hybrid
approach is to increase the o parameter only on the g., con-
straint. The result of this approach is shown in the bottom
plots of Figure 10. In this case, the g., constraint violations
are at 6.5% and the profit loss is $14.70/h (unconstrained)
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Figure 10. MPC simulations of various EDOR definitions, « =0.5 (top), « =2 (middle), and «=2 on the q.> con-

straint (bottom).
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Figure 11. Impact of disturbance model mismatch Controllers designed with z;=10 and EDORs calculated using

=10 (solid), 7= 1 (dashed).

Left plots, free controller case; Right plots, fixed controller case.

and $14.34/h (constrained). In all subsequent case study
results, we will use this approach of « =2 in the ¢., direc-
tion and o = 1 otherwise.

Disturbance model mismatch

In many cases, the correlation structure of the disturbances
acting on the process will be unknown or may change over
time. In the simple disturbance models discussed in the Stat-
istically Constrained Control Section, this structure is defined
by the time constant 7. To investigate sensitivity with
respect to this parameter, simulations using a 7, value differ-
ent than the 7, used to design the controller were performed.
The plots of Figure 11 illustrate how the analytically deter-
mined EDORs will change if 7, is changed from 10 to 1 s
and the controller remains unchanged (designed using
7= 10 s). In the free controller case, the EDOR in the ¢,
direction increases, but not as much as one would expect
based on the results of Figure 7. This is due to the control-
ler’s greater use of the manipulated variables, which now
extend far beyond the inequality constraints of those varia-
bles. In the fixed controller case, the impact is much less
dramatic. This can be attributed to the fact that the fixed
controller makes almost no effort to regulate ¢., and thus
has already paid the penalty in its section of a BOP. Note
o =1 for all directions of the fixed controller case. In the
scatter plots of Figure 12, we again see that the performance
of the fixed controller is almost unchanged from Figure 9,
although the constraint violations in the ¢., direction seem
to be larger in magnitude, possibly due to the different
placements for the BOPs in the two cases, recall Figure 6. In
the free controller case, the magnitude of ¢., constraint vio-
lations appear to be similar to the fixed controller case. A
quantitative assessment of the scatter plots indicates that the
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free controller has a profit loss of $12.18/h and ¢., con-
straint violations at 24.6%, whereas the fixed controller has a
loss of $16.15/h and violations at 15.8%.

Clearly, the observations of this subsection, while inform-
ative, are purely anecdotal and the fact that the fixed control-
ler appears to be more robust is less a result of intention and
more a result of it being detuned with respect to the most
important output of the process—g,.». If there is any conclu-
sion, one can make it as the need for a robust formulation of
the BOP selection problem, which would also consider pro-
cess model mismatch. Using such an approach, the free con-
troller case may be able to find a meaningful compromise
between the 7= 1 and 7= 10 cases.

Modifications to the Measurement Structure

In this section, we remove the assumption of having per-
fect knowledge of the system state and illustrate how the
BOP selection procedures should be modified to account for
the expected measurement structure.

Computational delay

An important detail concerning MPC is the time required
to numerically solve the quadratic program. In most cases,
the sample time of the controller is selected so that the quad-
ratic program can be solved within one sample period. The
practical impact of requiring a sample period to determine
the control action, u;, is that x; will not be known at the
beginning of the computations. Specifically, the computa-
tions for u; will begin at time i — 1. Thus, the best one can

do is predict x; as
Xi=AgXi—1 TBaui— 47)

DOI 10.1002/aic 3483



3
q,,(m"K/s)

344

Q,(ms)

0.0 02 03 04 05 06 07
Q,(mss)
Figure 12. Impact of disturbance model mismatch.

344

Q,(m/s)

01 02 03 04 05 06 07
Qy,(mss)

Controllers designed with 7,=10 and simulations with 7,= 1. Left plots, free controller; Right plots, fixed controller.

In the unconstrained case, the appropriate policy would be
u;=Lx;. Using Eq. 30, one finds that x;=x;+G,w;—;. Thus,
Eq. 47 can be written as

Xi+1=Agx;i+Bau;
:Ad)f;'f'AdeWi_l +BdL)f,'
= (Ad +BdL))?,' +AGawi—1

Similarly, the performance output can be written as
z;=(Dy+D,L)x;+DGw;—;. Thus, the free controller BOP
selection problem, assuming a 1-step computational delay in
Full State Information (FSI) measurements, is problem (31)
with (35) and (36) replaced with

X—AsGyE,GlA;  (AgX+B.Y)

>0
48
(AgX+BsY)" X @5

{;—D.G,%,G}Dt p;(D:X+D,Y)
- >0 j=1...n;, (49)
(DX+D,Y) Pj X

Using the delay-based linear feedback, a new set of objec-
tive function weights, Q, R, and M, can be generated, with-
out modification of Theorem 3.1, and applied to the previous
MPC algorithm with x;;=X;. The top plots of Figure 13 illus-
trate the impact of the delay. As on would expect the loss of
profit is increased from $15.10/h (undelayed) to $15.67/h.

Predictive control with partial state information

In the partial state information (PSI) case, the control
action will no longer be a function of the state, but rather a
function of a noise corrupted measurement
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yi=Cxi+v; (50

where v; is a zero-mean white noise sequence with covari-
ance X,. In the unconstrained case, the appropriate policy is
a linear feedback of the optimal state estimate: u;=LX;,
where &; is generated from the steady-state Kalman filter®*®!

Xi=AgXi—1+Baui— +K(y;i—C(Agki—1 +Baui-1)) (51)
The Kalman gain, K, is defined as

K=HC"(CHC"+%,)”" (52)

H=A.Z A +G,%,GY (53)

¥, =H—HC"(CHC"+%,)"'CH (54)

An important feature of the Kalman filter is that the inno-
vations sequence, 7;,=y;—C(Ays+B4L)X;-1, is a zero-mean
white noise sequence with covariance 2,7=CHCT+Z‘,. Thus,
the linear feedback, L, can be selected using the estimator
based model

Rir1=(Aq+ByL)%;+Kn; iy
zi= (DX-FDML))?,'-FDX(X,'—X,')

(55)
(56)

Then, using the fact that X,=E[(x;—%;)(x;i—%;)"] and
E[(x;—%;)x]]=0, the free controller BOP selection problem,

assuming PSI, is problem (31) with (35) and (36) replaced
by

X+X,—H  (AJX+B,Y)
’ >0 (57)
(AgX+ByY) X
{—=DZ.DT  p,DX+D,Y)
, >0 j=1...n, (58)
(DX+D,Y)" p! X
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partial state information.

It is interesting to note that if C =1 and the limit is taken
as X, — 0, then £, — 0, H — G,4%,,G’), and the above
matrix inequalities will become identical to (35) and (36).
To implement within MPC, one should recalculate the tuning
parameters Q, R, and M in (43) based on the feedback gain
L=Y'Xx"H"! generated by the PSI free controller problem,
and then set x;;=X; in problem (42).

The above formulation of the PSI case assumes u; is a
function of X; and ultimately of y;, which carries the implicit
assumption of zero computational delay. To arrive at the 1-
step delay case, the feedback policy will be: u;=LX%;, where
X; is from the Kalman filter in its 1-step predictor form

£i=Aukio1 +Bauti—1 +AK (yi-1 —C%i-1) (59)

In this case, the exact same innovations sequence can be
constructed as 17,»=yl-—C;€l~, but the covariance of the error
signal is changed to H=E[(x;—%;)(x;—%;)"] and the ortho-
gonality principle becomes E[(x;—%;)%;]=0. Thus, selection
of the linear feedback, L, can utilize the following estimator
based model

)?C,'Jrl = (Ad +BdL))?[+AdK111-
z;=(Dy+D,L)%;+D, (x;—x;)

(60)
(61)

The corresponding covariance equations are then found to be
Yo =(Ag+ByL)Z: (Ay+ByL) +AHCT (CHCT +2,) 'CHA,"
(62)

X.=(D,+D,L)Z;(D, +D,L)" +D,HD" (63)

The net result is that the free controller BOP selection
problem assuming PSI and a 1-step computational delay is
problem (31) with (35) and (36) replaced by
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X+Ay(Z.—H)AL (A X+BY)
>0 (64)
(AgX+ByY)" X
{—DHD!  p,(D.X+D,Y)
, >0 j=1...n, (65)
(D.X+D,Y) pf X

It is additionally noted that setting C =/ and taking the
limit as X, — 0 will cause the above inequalities to become
identical to (48) and (49).

Returning to the case study, assume the measurement vector
is y=I[T, To Ty T, T.5]" and £, = diag{0.5* 0.5 0.5° 1 1}.
Then, the bottom plots of Figure 13 compare the PSI case with
the FSI, both with 1-step delay. As one would expect, the ana-
lytically determined profit loss is greater for the PSI case (from
$15.67/h to $17.46/h). To implement within MPC, the resulting
linear feedback should be converted to the corresponding
objective function weights and x;; should be set equal to i
Scatter plots of the soft constrained MPC policy with delayed
PSI are given in the top plots of Figure 14. Clearly, the PSI con-
troller has much greater difficulty observing the point-wise-in-
time constraints and exhibits a behavior similar to the uncon-
strained case (bottom left plot of Figure 14). However, it should
be highlighted that these plots indicate the actual values of sys-
tem outputs, which in practice would be unmeasurable. The
bottom right plot depicts the calculated state predictions (based
on the state estimates) and more clearly illustrates the influence
of the point-wise-in-time constraints.

Impact of Nonlinearities

This section begins with a comparison of the performance
of the linear MPC on simulations based on the linear and
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nonlinear models. We then discuss a number of approaches
that can be used to improve performance in the face of
nonlinearities.

To simulate the nonlinear system of the Introduction Sec-
tion, the MATLAB ODE solver is used. The general algo-
rithm is as follows: before the simulation begins a BOP is
selected and MPC tuning parameters are selected using the
linearized model evaluated at the OSSOP. Then, at time
i—1 an estimate of the state at the next time step, Xi, s
determined using the measurement y; — ; and the linear state
estimator. This estimate is used as the initial condition for
the linear model-based MPC algorithm that selects the control
action for the next time step, u;. In addition, disturbance values
are generated utilizing a linear stochastic discrete-time model
driven by white noise. Using u; and the generated disturbances,
the nonlinear model is simulated for one time step. The state
of the nonlinear simulation at the end of the time step is then
used to generate the measurement y; and the process is
repeated. The plots of Figure 15 indicate that the discrepancy
between the linear and nonlinear simulations is quite small. In
fact, a scatter plot of the nonlinear simulation is almost impos-
sible to distinguish from that of the linear simulation. Using
the linearized version of g(q) the numerically calculated profit
lost for the nonlinear simulation is $14.50/h which compares
well with the $16.96/h calculated using the linear simulation.
Use of the nonlinear version of g(q) to calculate profit results
in a profit loss of $17.20/h.

Incorporation of nonlinear characteristics

If the nonlinear model simulation resulted in significant
discrepancy with respect to the linear model simulation, then
one could apply any one of a number of alternate formula-
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tions. The first and likely most effective approach is to con-
vert the MPC algorithm to a nonlinear MPC algorithm, by
replacing Eqs. 38 and 39 with the nonlinear model. In this
case, we continue to advocate that one should use the tuning
parameters, Q, R, and M, as determined by the linear-based
tuning method of the previous sections. The second alterna-
tive is to convert the linear-based state estimator to any one
of a number of nonlinear state estimators. Again, no change
to the MPC tuning parameters would be required, although a
new value for the estimation error variance, 2, and H, may
warrant a retuning based on (64) and (65). A third source of
error can be attributed to the fact that the model was linear-
ized around the OSSOP and not the BOP (as discussed in
the Introduction Section). An appropriate approach to this
issue is to make the linearized system matrices (g, A, B, D,
D,) a function of the BOP in problem (31). Unfortunately,
this would add significantly to the complexity of problem
(31). However, an ad hoc approach to such a problem, that
has no guarantee of global optimality, is to relinearize the
process model around the BOP determined from problem
(31). Then, using this relinearization a new BOP could again
be determined from (31). Figure 16 indicates that for the
two-CSTR example this sort of iteration will essentially con-
verge after the second relinearization.

Conclusions

This work demonstrates that the free controller tuning
method can adapt well to each problem formulation
explored. Even though the fixed controller tuning method
gave similar results for the initial scenario of the case study,
it was shown to adapt poorly to other scenarios. It was also
shown that the free controller method was able to discover a
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multi-input approach to regulate one of the key outputs of ty for this output and ultimately increase profit significantly.
the case study process, ¢.». Specifically, it found that proper Although this discovery seems intuitive in hindsight, a fairly
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Figure 16. Evolution of BOP with relinearization.
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one to propose such a tuning and significant analysis would
be needed to identify when this approach should be used.
Recall that this controller was only appropriate for t,> 10 s.
In contrast, the free controller approach was able to arrive at
these conclusions with almost no effort.

It was also observed that the way the EDOR is defined
(specifically the parameter o) will greatly influence the per-
formance of the resulting controller. Although one may
argue that we have merely shifted the tuning question from
the objective function weights to these parameters (assuming
each output may have a different o), the number of tuning
parameters is significantly reduced and the new parameters
provide a clear and easily understood trade-off between
profit and constraint violation rates. Within this context, the
area in need of improvement is in the quantitative measure
of constraint violations. Specifically, a measure that consid-
ers magnitude of the violation along with probability would
be beneficial.

The subsection on disturbance model mismatch clearly
illustrates a need for future work on a robust formulation of
the proposed free controller tuning method. Similarly, while
the section on nonlinear impacts proposes an ad hoc
“relinearize and iterate” approach, future work is warranted
to develop a method to globally optimize the suggested tun-
ing problem that accounts for nonlinearities in the steady-
state model.
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The submatrices of Egs. 28 and 29. All variables are evaluated
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